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Abstrakt
Neda´vne´ objevy spinove´ho proudu, spinove´hoHallova efektu a Rashba efektu prˇita´-
hly novy´ za´jem o transportnı´ jevy v multivrstva´ch. Fuchs-Sondheimerova teorie,
ktera´ je zalozˇena na Boltzmannoveˇ transportnı´ rovnici, popisuje transpotnı´ jevy
v tenky´ch vrstva´ch. Acˇkoli se jedna´ o cˇla´nek vydany´ roku 1952, teorie je sta´le
pouzˇı´va´na a je v dobre´ shodeˇ s experimenty. V te´to pra´ci pouzˇijeme tuto teorii pro
popis proudove´ hustoty v multivrstevnate´m syste´m Ta/Pt/[Co/Ni]/Pt/Ta. Odpor
multivrstvy je meˇrˇen pro ru˚zne´ tlousˇt’ky jednotlivy´ch vrstev. Aplikova´nı´m Fuchs-
Sondheimerova modelu zı´ska´me materia´love´ parametry vrstev a urcˇı´me rozlozˇenı´
proudu ve vzorku. Toto je promultivrstvy velice du˚lezˇite´, protozˇe spinove´ jevy, jako
spinovy´ Hallu˚v jev a prˇenos spinove´ho momentu, jsou u´meˇrne´ proudove´ hustoteˇ v
blı´zkosti rozhranı´ feromagneticke´ho materia´lu.
Klı´cˇova´ slova: Boltzmannova transportnı´ rovnice, Fuchs-Sondheimerova teorie,
spinovy´ Hallu˚v jev, prˇenos spinove´ho momentu
Abstract
Recent discoveries of spin current, spinHall effect and Rashba effect have attracted a
new interest in transport phenomena in multilayer systems. The Fuchs-Sondheimer
theory that is based on the Boltzmann transport equation covers the transport phe-
nomena in thin films. Though the paper was released in 1952, the theory is still being
used with great success and is in a great agreement with experiments. Within this
work, we use this theory for the description of an in-plane current density in a mul-
tilayer system Ta/Pt/[Co/Ni]/Pt/Ta. The resistance of the multilayer is measured
as the function of the thicknesses of individual layers. Using the Fuchs-Sondheimer
model we obtain the material parameters of the layers and the current distribution
in the sample. This is of a great importance for multilayers, as the spin phenomena,
like spin Hall effect and spin-transfer torque, are proportional to current densities
in the vicinity of the interface with ferromagnetic material.
Keywords: Boltzmann transport equation, Fuchs-Sondheimer theory, spin Hall
effect, spin-transfer torque
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41 Introduction
Experiments by J.J. Thomson in 1897 led to the discovery of the electron as a particle
with an elementary electric charge. This property causes an electron to interact with
electromagnetic fields and enables to carry an electrical current. In 1922 the mag-
netic moment of the electron was discovered by Stern and Gerlach. Later, it was
established that the intrinsic angular momentum of the electron, spin, is quantized,
such that the projection of the momentum to the z-axis provides only two discrete
values (±h¯/2). Therefore, whenever a spin is measured in a given direction, it can
be either spin-up or spin-down. The conventional electronics employs the charge of
the electron as a carrier of information. However, the electron spin provides another
degree of freedom to be handled and to be manipulated, for example by interaction
with a magnetic field. This new field of physics is referred to as Spintronics [5, 6].
Probably the first observation of spin affecting electron transport dates back to
1857, whenW. Thomson found that the resistance of a ferromagnetic metal depends
on the angle between the magnetization and current direction (the anisotropic mag-
netoresistance (AMR) effect) [7]. Later on, other spin phenomena have been discov-
ered, such as the giant magnetoresistance (GMR) [8, 9] and the tunneling magne-
toresistance (TMR) [10]. Both effects has been successfully applied in the industry
and GMR also earned itself a Nobel Prize in Physics in 2007. The GMR effect was
initially discovered in a pillar spin valve sample, i.e. a non-ferromagnetic (N) metal
sandwiched between two ferromagnets (F) [11]. The general requirement for spin-
tronic devices is the ability to create, transport and detect spin currents. The creation
of the spin current is generally called the spin injection and some ways of this cre-
ation have already been proposed and experimentally proved, e.g. by driving an
electrical current from F material into N [12], spin pumping [13] or the spin Hall
effect [14].
5This thesis focuses on determining the current distribution in multilayer samples
from the measurement of sample resistances. The current distribution is important
for evaluating the spin Hall effect and spin-transfer torque.
In Chapter 2 the basics for the spin transport in ferromagnetic and non-ferromag-
netic materials are introduced, including the spin Hall effect.
In Chapter 3 the Boltzmann transport equation is derived.
In Chapter 4 the Fuchs-Sondheimer model is introduced. We develop the for-
malism for multilayer sample and provide basic formulas.
In Chapter 5 we present the experimental results on series of multilayer samples.
All the results can be seen in Appendix A.
The comparison of the theory with experiment is in Chapter 6. There we fit the
measured data under various criteria and obtain parameters from which we then
determine the current distribution.
62 Spin transport in metals
2.1 Ferromagnets
In general, magnetism originates from the magnetic moment of electrons, since the
magnetic moment of nuclei is negligibly small. Electron has an orbital angular mo-
mentum due to its orbiting around its nucleus. Furthermore, it has its own intrinsic
angular momentum called spin. Each electron can be considered as a small mag-
netic moment, but aligning many together results in a macroscopic magnetic field.
In ferromagnetic materials the density of states (DOS) for spin-up and spin-down
sub-bands is shifted by the exchange energy (Stoner model) as sketched in Fig.1 [6].
Hence, the number of spin-up and spin-down electrons is unequal.
Spin up Spin down
Energy
Density ofstates
Fermi level
Figure 1: A schematic band structure for the Stoner model of ferromagnetism. An
exchange interaction has split the energy of states with different spins. Hence, the
states near the Fermi level are different for each spin direction. [1]
Due to the shift in the DOS, the ferromagnetic material is characterized by dif-
ferent bulk conductivities for the spin-up and spin-down electrons given by the Ein-
stein relation:
σ↑/↓ =
1
3
e2N↑/↓vF↑/↓le↑/↓ (2.1)
7where σ↑/↓ are the spin-up and spin-down conductivities, e is the elementary charge,
N↑/↓ the DOS at the Fermi energy, vF↑/↓ the average spin dependent Fermi velocity
and le↑/↓ the average spin dependent electron mean free path. The current can be
considered to consist of two separate spin channels (the two channel model) [15],
where the sum corresponds to the charge current Ich = I↑ + I↓ and the difference
to the spin current Isp = I↑ − I↓. The current flowing through a ferromagnet is in
general spin-polarized. Thus it can affect the magnetization of the ferromagnet due
to the spin-transfer torque, for example, inducing a domain wall motion [16].
2.2 Spin Hall effect
The spin Hall effect (SHE) is a spin-orbit coupling phenomenon that can be used
to electrically generate or detect spin currents in non-magnetic systems [17]. It was
predicted 40 years ago by Dyakonov and Perel [14]. They proposed that an unpolar-
ized charge current causes a transverse spin current in systems with the spin-orbit
coupling. The effect has a Hall symmetry, because the polarization axis of the spins
is perpendicular to both the driving charge current and the transverse spin current.
The concepts for the experimental detection of the spin Hall effect were intro-
duced almost 30 years later by Hirsch [18] and Zhang [19]. Hirsch proposed a de-
vice in which the spin current generated by SHE is injected into another part of the
device, where it generates a charge current by the inverse SHE. This current can
be measured electrically. Zhang suggested that the spin accumulation produced
by the SHE can be detected by measuring an electrochemical potential using a fer-
romagnetic probe. However, the first measurements of the SHE were made using
magneto-optical Kerr microscope [20] and p-n diodes [21].
When the spin current, generated in a non-magnet with the SHE, is injected into a
ferromagnet, it affects its magnetization. This effect is described by the Slonczewski
term [22] in the Landau-Lifshitz-Gilbert equation that describes the magnetization
dynamics.
8As mentioned above, in the case of the SHE, the electrons are preferentially scat-
tered in different directions depending on their spin direction. In a non-magnetic
material with positive SHE, the electrons are scattered in such direction that (vi ×
vf) · S is positive, where vi(f) is the electron velocity before (after) scattering and
S is the electron spin direction. If we now have a ferromagnetic layer on top of a
non-magnetic one (Fig. 2), the charge current, being in the +x direction, injects the
electrons with spin along +y direction into the magnetic layer. The spin current
causes a spin-transfer torque along the direction −M × (M ×m), where M is the
magnetization of the ferromagnet and m is the direction of the magnetic moment
of an electron and points along −y direction since m and S are anti-parallel. This
torque is often called the damping-like torque [2].
Figure 2: A schematic of a bilayer system. The current flowing through the non-
magnetic layer induces a perpendicular spin current due to the spin Hall effect. The
spin current enters the magnetic layer and affects the magnetization of the layer by
the spin-transfer torque. [2]
Several experiments have been made involving these phenomena especially by
Liu et al. [23], [24], [25]. [26]. In their experiments they quantify the magnitude of
the spin Hall effect induced torque and they estimate the spin Hall angle of Pt to be
about +0.076. They also demonstrate that this torque can switch the magnetization
of the ferromagnet efficiently, making it a good candidate for magnetization control-
ling, e.g. the magnetic memory devices. They also estimate the spin Hall angle of
9Ta to be -0.12 to -0.15, having an opposite sign compared to Pt, but being approxi-
mately two times larger. Recently, they have determined even larger spin Hall angle
in W [27].
Other experiments that demonstrate the importance of the SHE inmagnetization
switching can be seen here [28], [29].
2.3 Multilayer sample
Having now a multilayer sample consisting of both ferromagnetic thin layers and
layers with large SHE in an in-plane configuration (with an in-plane current), sev-
eral phenomena occur. The general sample consists of a ferromagnetic material on
top of a nonmagnetic material. An in-plane current in the magnetic material can
induce domain wall motion (Fig. 3) due to the spin-transfer torque effect [30]. The
current in non-magnet (with large SHE) injects a perpendicular-to-plane spin cur-
rent to the magnetic layer which can also induce domain wall motion [16] or switch
the magnetization of the ferromagnet [23], see Fig. 4. For these applications, it is
important to know the current densities present in each layer of the sample, as these
effects are proportional to them. Generally, the resistance of the whole multilayer
is measured. Based on this information, we would like to determine the current
distribution, which can be done using the Boltzmann approach.
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3 Boltzmann transport equation
For the description of transport phenomena in thin films, we use the Boltzmann
transport theory. The transport properties of an electron gas are determined by the
distribution function, the distribution of electrons in v-space (v meaning the veloc-
ity). Throughout this thesis we will always use v-space, though usually momentum
space or k-space are being used. At equilibrium, the distribution function is the
Fermi-Dirac function:
f0(E) =
1
exp
(
E−EF
kBT
)
+ 1
, (3.1)
EF being the Fermi Energy, kB Boltzmann constant and T temperature. This dis-
tribution function is independent of any present collisions as the collisions contin-
uously remove electrons from one v-state to another, keeping the net distribution
the Fermi-Dirac function as long as there are no external influences. The Boltzmann
transport equation describes the change of the distribution function in the presence
of external forces. We denote f(r,v) the general distribution function of electrons,
f0(v) being the equilibrium distribution function (Fermi-Dirac function). We need to
determine how f changes with time. There are three possible reasons for the change
in the electron distribution in v-space and r-space [31]:
1. Due to diffusion, electrons will move in and out of any volume element.
2. Due to the external forces, electrons will be changing their momentum (veloc-
ity) according tom dv/dt = Fext.
3. Due to the scattering processes, collisions.
In general, the Boltzmann transport equation can be written in the form:
∂f
∂t
=
(
∂f
∂t
)
diff
+
(
∂f
∂t
)
force
+
(
∂f
∂t
)
coll
(3.2)
We will now calculate the partial time derivatives of the distribution function due
to each source.
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3.1 Diffusion
In a time interval δt, the electron moves a distance vδt, v being the velocity of an
electron. Thus the number of electrons in the neighborhood of r at time t = δt equals
to the number of electrons in the neighborhood of r − vδt at time t = 0. Therefore
[31]:
f(r, δt) = f(r− vδt, 0) (3.3)
f(r, 0) +
∂f
∂t
δt = f(r, 0)−
∂f
∂r
· vδt (3.4)(
∂f
∂t
)
diff
= −v · ∇rf (3.5)
3.2 External forces
The velocity v of an electron evolves under the action of external forces according
to Newton‘s equation of motion. In the presence of an electric (E) and magnetic (B)
field the change of v is given by:
dv
dt
=
Fext
m
= −
e
m
(E+ v ×B) (3.6)
As mentioned above, e is the elementary charge and by definition e > 0.
In analogy to the diffusion term, the electrons at time t = 0 with velocity v −
dv/dt δt will have velocity v at time t = δt [31]:
f(v, δt) = f(v − dv/dt δt, 0) (3.7)
f(v, 0) +
∂f
∂t
δt = f(v, 0)−
∂f
∂v
·
∂v
∂t
δt (3.8)(
∂f
∂t
)
force
= −
∂v
∂t
· ∇vf =
e
m
(E+ v ×B) · ∇vf (3.9)
Substituting the two terms (3.5, 3.9) to the Boltzmann transport equation (3.2)
and rearranging, we get:
∂f
∂t
+ v · ∇rf +
∂v
∂t
· ∇vf =
(
∂f
∂t
)
coll
(3.10)
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3.3 Collisions
The collision term is in general very complicated and takes the form of scattering
integrals (Fermi golden rule in quantum mechanics). Usually, it has to be solved
numerically. For simplicity we use the relaxation time approximation [32]:
(
∂f
∂t
)
coll
= −
f − f0
τ
(3.11)
with τ being the relaxation time. The relaxation time need not to be a constant and
may depend, for example, on velocity. If v is the mean velocity of those electrons
to which τ refers, then the corresponding mean free path λ is defined by λ = vτ .
The detailed theory of the conductivity in metals shows that such a mean free path
does exist under certain conditions for quasi-free conduction electrons, so that it
can always be defined for scattering by impurity atoms and by lattice vibrations
above the Debye temperature. So for the electrical conductivity phenomena, it is a
reasonable approximation [32].
The meaning of the collision term as defined above (Eq. 3.11) can be simply un-
derstood by the following example. Assume a slightly perturbed system (in non-
equilibrium) with spatial uniformity and no external forces. This can be done for
example, by putting a spatially uniform sample into the electric field and then turn-
ing the field off. Such a system is at time t = 0 (turning the field off) in a state that is
described by non-equilibrium distribution function f . The diffusion term and force
term disappear (because of the spatial uniformity and no external field present) and
the Boltzmann equation simplifies to:
∂f
∂t
= −
f − f0
τ
= −
δf
τ
(3.12)
which can be easily solved. We use δf to denote the difference f − f0, meaning how
the actual distribution of the system differs from the equilibrium distribution. The
solution of this differential equation is:
δf(t) = δf(0) exp
(
−
t
τ
)
(3.13)
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The distribution function goes exponentially to the equilibrium, with rate given by
τ .
By putting it all together, we get the Boltzmann transport equation in the form:
∂f
∂t
+ v · ∇rf +
∂v
∂t
· ∇vf = −
f − f0
τ
(3.14)
The Boltzmann equation in this form will be used in the following Chapter.
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4 Fuchs-Sondheimer model
Our description of the electron transport inmultilayers is based on the semi-classical
Fuchs-Sondheimer model [32], since the thicknesses of individual layers will be
smaller than the electron mean free path. We start with a single thin film and then
apply the mechanism on a multilayer sample.
4.1 Thin film
Consider a thin metal film of a given thickness a surrounded by non-conducting
material. The z-axis is perpendicular to plane, the surface being the planes z = 0
and z = a. The problem is essentially one-dimensional one and the distribution
function for electrons f(z,v) can be written in the form [32]:
f(z,v) = f0(v) + g(z,v) (4.1)
where f0(v) is the equilibrium distribution function and g(z,v) depends on space
only through z. The electric field E is supposed to be in the x-direction, so the
Boltzmann equation (3.14) reduces to:
∂g
∂z
+
g
τvz
=
eE
mvz
∂f0
∂vx
(4.2)
where e (e > 0) and m are the electron charge and effective mass, τ is the relax-
ation time, vx and vz the components of the velocity vector in x and z directions
respectively.
Note that we consider a steady state, so the distribution function f is not explicit
function of time, ∂f/∂t = 0. We assume no magnetic field is applied. The general
solution of the Boltzmann equation (Eq. 4.2) g±(z,v) (g+ corresponding to the elec-
trons moving in the positive z direction, g− to the electrons moving in the negative
z direction) can be written in the form [32]:
g±(z,v) =
eEτ
m
∂f0(v)
∂vx
[
1 + F±(v) exp
(
∓z
τ |vz|
)]
(4.3)
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where F±(v) are arbitrary functions to be determined from the boundary conditions.
To determine F±(v) we have to introduce the boundary conditions at the sur-
face of the film (called Fuchs boundary conditions). We assume that a fraction p
of the electrons is scattered elastically at the surface with reversal of the velocity
component vz. The rest (1 − p) is scattered diffusively, completely losing their drift
velocity. p is supposed to be a constant independent of the direction of motion of
the electrons. Then the boundary conditions can be written down:
g+ = pg−, at z = 0 (4.4)
1 + F+ = p(1 + F−), at z = 0 (4.5)
g− = pg+, at z = a (4.6)
1 + F− exp
(
a
τ |vz|
)
= p
(
1 + F+ exp
(
−
a
τ |vz|
))
, at z = a (4.7)
We solve for F±(v) to get:
F+ = −
1− p
1− p exp
(
− a
τ |vz |
) (4.8)
F− = −
1− p
1− p exp
(
− a
τ |vz |
) exp
(
−
a
τ |vz|
)
(4.9)
If we assume only elastic scattering (p = 1), both F±(v) end up being 0 and the
distribution functions g± are no longer functions of z. Indeed, elastic scattering
means no loss of the drift velocity at the surfaces, so the thin film behaves as a
bulk with no boundaries at all.
We can calculate the current density by [32]:
J(z) = −e
∫
vxgdv (4.10)
which can not be solved analytically in general. For comparison with experiment,
we require the conductivity of the film, so we must average the current density over
all values of z from 0 to a to obtain [32]:
σ =
1
Ea
∫ a
0
J(z)dz (4.11)
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These integrals can be evaluated analytically only in limiting cases for thick film and
very thin film. Here we present only the results [32]. In both cases p = 0 and for
thick film (a λ), λ being the electron mean free path, we get:
σ0
σ
= 1 +
3λ
8a
(4.12)
For very thin film (a λ):
σ0
σ
=
4λ
3a ln
(
λ
a
) (4.13)
σ0 is the bulk conductivity, given from Drude model by:
σ0 =
ne2τ
m
(4.14)
where n is the density of electrons.
4.2 Multilayer
We can now apply the single thin film results for a multilayer sample. The distri-
bution function in each layer is governed by the Boltzmann transport equation in
the form of Eq. (4.2), which has the solution (4.3). So we need to determine F±(v)
from the boundary conditions. We will use the formalism described by Barnas et al.
[33]. For simplicity, we treat the electron transport as spin independent. First, we
apply the Fuchs boundary conditions at the bottom and top interfaces (of the whole
multilayer) using coefficients pbot and ptop corresponding to the Fuchs specularity
factors. Furthermore, inner interfaces are created.
Assume an interface between two materials A (with parameters τA andmA) and
B (τB, mB). We introduce coefficients of specular transmission T and reflection R
(1− R − T corresponding to diffusive scattering) and for simplicity we neglect any
angular dependence of these coefficients (like for the Fuchs boundary conditions).
The boundary conditions for such interface can be written down:
gB+ = RgB− + TgA+ (4.15)
gA− = RgA+ + TgB− (4.16)
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If we now plug in the solution for g (Eq. 4.3) for both materials (A,B), the relax-
ation times (τ ) and effective masses (m) do not cancel out as in the previous case,
because now we have distribution functions of different materials on each side of
the equations. This difference in electronic properties of two adjacent materials will
be taken into account by the parameter y (in correspondence with [33]), yAB =
mAτB
mBτA
.
In our calculations we set yAB = σ0B/σ0A, where σ0A (σ0B) is the bulk conductivity of
material A (B). This choice will be discussed in more detail in Appendix A (sec. 8).
The coefficients of specular transmission T and reflection R will, in general, dif-
fer for each interface. By applying these boundary conditions, we get a set of 2N
equations of 2N variables, where N is the number of layers in the sample (for every
layer we have F±). These equations are the spin independent version of the ones
shown in [33]. We introduce β, the angle between the z axis and the velocity vector
v, and λ = vF τ , which is the electron mean free path, vF being the Fermi velocity.
These definitions enable us to consider the F± as functions of β. Note that all men-
tioned parameters (F±(β), λ, vF , τ ) will be in general different for each layer. These
equations (to determine F±(β)) will be solved only numerically. An example of how
the boundary conditions for two layers look like in a matrix form can be found in
Appendix B (sec. 9).
Once we have F±(β), we plug them in to Eq. 4.3 to get the distribution func-
tions of each layer. Using Eqs. 4.10 and 4.11 we get the final formula for the total
conductivity of a multilayer sample:
σtot =
1
d
∫
dz
∫ pi/2
0
3
4
σ0(z) sin
3 β
×
[
2 + F+(β, z) exp
(
−
z
λ(z) cos β
)
+ F−(β, z) exp
(
z
λ(z) cos β
)]
dβ
(4.17)
where d is the total thickness of the multilayer and σ0 the bulk conductivity. The
dependence of σ0, λ and F± on z simply means that they differ for each layer (in
given layer, they do not vary with z). The integration over z can be easily figured
out analytically, but the integration over β is performed numerically (in more detail
in sec. 6). Finally, we multiply the total conductivity of the sample by the total thick-
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ness to get the sheet conductance,Gtot = σtotd, which wewill use for the comparison
with measured results.
We will be also interested in the current distribution in the sample, from Eq. 4.10
we get:
J(z)
E
= σ0(z) +
3
4
σ0(z)
∫ pi/2
0
sin3 β
×
[
F+(β, z) exp
(
−
z
λ(z) cos β
)
+ F−(β, z) exp
(
z
λ(z) cos β
)]
dβ
(4.18)
where the dependence of σ0, λ and F± on z has the same meaning as in the previous
case. On the other hand, the current density J(z) will be function of z even in a
given layer, because compared to Eq. 4.17, we have removed the integration over z
and the exponentials do depend explicitly on z.
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The Ta thickness (for both top and bottom) is varied from 1 nm to 5 nm with
step 1 nm, the Pt thickness (top and bottom) is varied from 0.4 nm to 4 nmwith step
0.4 nm and the Co/Ni stacking number from 1 (one layer of Co and one layer of Ni)
to 6.5 (six Co layers and five Ni layers). Note, that each series contains the nomi-
nal sample (sub/Ta(3)/Pt(1.6)/[Co(0.3)/Ni(0.6)]4.5/Pt(1.6)/Ta(3)), thus this sample
was made five times. As can be seen in Appendix A (sec. 8), these five measured
values are scattered in some degree, which reflects the performance limitations of
the sample fabrication.
To be able to perfectly fit the measured results, we will set all five nominal sam-
ples to a single value (discussed in more detail in Appendix C, sec. 10). Thus we
compute their average and correct all the measured values in such a way, that all
the nominal samples have the same value of the sheet resistance. It means that the
sheet resistances of all samples in each series are multiplied by the same coefficient
(but different for every series) such that the nominal sample has its value of the
sheet resistance equal to the computed average. This correction would correspond
to a slight change in the deposition rate of the sputtering machine between the se-
ries, causing all the thicknesses to be smaller or larger by the same factor. Another
possibility would be to offset all values within each series by the same amount. Both
ways of correcting the values differ negligibly.
The original values of the sheet resistances are shown in Fig. 6. The term sheet
resistance is used for the current in plane setup. Common unit for sheet resistance is
Ω/sq., which is dimensionally equal to Ω, but is used to avoid the misinterpretation
with the bulk resistance. We will be fitting the sheet conductances (G = 1/R) shown
in Fig. 7. Note that the correct units for sheet conductances are mS·squares, but we
will use just mS for simplicity. The conductances are additive (in the case of inde-
pendent layers) and their behaviour is more intuitive, therefore we have decided
to work with them. The exact numerical values (rounded to 1 decimal place) are
shown in Appendix A (sec. 8). Note that, for each series, the evolution of resistance
with thickness is smooth, with a clear trend, indicating a very good reproducibility
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of the sample fabrication. Between the series, a small variation of resistance for the
nominal sample occurs (especially when varying the Ta thicknesses).
Our model is based on the Fuchs-Sondheimer model (see sec. 4) and our goal is
to reproduce all the measured results with a single set of thickness independent pa-
rameters. Using the same model, we will be interested in the distribution of current
(important for the spin Hall effect in Pt).
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6 Fitting experimental results
For simplicity, the electron transport will be considered as spin independent, there-
fore all the layers will be treated as non-ferromagnetic (we assume that in Co and
Ni, all the current is carried by one-type-of-spin electrons, thus we can treat them as
spin independent). This enables us to reduce the number of parameters entering the
model. Each layer is described by its bulk resistivity ρ0 (or conductivity σ0, which
are in reciprocal relation ρ0 = 1/σ0) and the mean free path λ, both thickness inde-
pendent. We will treat top and bottom Ta as well as top and bottom Pt separately,
since their quality will be generally different (bottom Ta grows on a Si substrate, top
Ta on top Pt; similar argument holds for both Pt layers). On the other hand, for sim-
plicity, we treat all the Co (and also Ni) layers as having the same bulk parameters,
though in reality they may differ.
The outer interfaces are characterized by the Fuchs specularity coefficients and
the inner interfaces by specular transmission and reflection coefficients. For integer
number of Co/Ni stacks, an interface Ni/Ptcap is created, but we will keep the
coefficients as if it was Co/Ptcap interface (but parameter y will change), since Co
and Ni are similar materials (neighbors in the periodic table).
Thus the total number of parameters is 24 (see Fig. 8), but it will be further re-
duced later. In our fitting, we are looking for the minimum of the sum of the squares
of differences of computed and measured values (called error in following). To be
able to compare among different optimizations, we present also root mean square
errors (RMS). The integration over β (Eq. 4.17) is performed by rectangle method.
To reproduce the thickness dependences (Fig. 7a, b, d, e), only the thickness of
particular layer will change, keeping the others fixed on their nominal values (as
shown in Fig. 5), also keeping the number of layers. To reproduce the dependence
of the conductance of the sample on the Co/Ni stack number (Fig. 7c), the total
number of layers will be changing, since we have decided to treat Co and Ni as
separate layers, but the thicknesses of all layers will stay on their nominal values.
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resistivities andmean free paths are (and always will be) rounded to 1 decimal place
and the values of transmission coefficients to 2 decimal places. All reflection coeffi-
cients are zero (and are zero in any case, which is expectable for metallic samples).
The corresponding current profile of the nominal sample with obtained parameters
is shown in Fig. 10. We will always present only the current profile of the nominal
sample. The numbers with % correspond to the percentage of the total current flow-
ing through a given layer (for Co/Ni multilayer we present only the percentage of
the current through the whole multilayer).
Figure 9: The result of the unconstrained Pt-CoNi-Pt model. The points correspond
to the experimental values of sheet conductance as functions of PtUL and Ptcap
thicknesses and CoNi stack number. The solid line is the result of the unconstrained
fit.
The perfect fit is obtained for the cost of meaningfulness of the parameters. The
high resistivity and mean free path of Ta layers can be justified by the fact that we
are not fitting Ta thickness dependences, thus their values do not play an important
role in other dependences. Changing the values of Ta simply shifts all the conduc-
tances equally. The high values of Co and Ni mean free paths can also be intuitively
understood from the current profile (Fig. 10). The whole Co/Ni layer has its cur-
rent profile similar to the one for a single layer, thus we can think that there is some
mixing between Co and Ni. Bottom Pt layer has its bulk values reasonable, but top
Pt has unrealistically high mean free path and we cannot think of any justification
for this. Another intriguing fact is that there is more current flowing through the
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Table 1: Obtained parameters for unconstrained Pt-CoNi-Pt model
ρ0 (µΩ cm) λ (nm) Error (mS
2) 1.53
TaUL 843.5 93.5 RMS (mS) 0.22
PtUL 35.7 2.2 T 1.00
Co 26.8 88.8 TTaPtUL 0.12
Ni 6.6 49.3 TCoPtUL 0.58
Ptcap 8.6 44.3 TCoPtcap 0.13
Tacap 837.0 100.0 TTaPtcap 0.17
Figure 10: Current profile for unconstrained Pt-CoNi-Pt model
bottom Pt than through the top Pt, but we would expect the opposite, based on our
previous knowledge of the sample.
Nowwewill make the same fit but putting some constraints on the upper bound-
aries. Namely, we will limit the mean free path to be less than 10 nm and also Ta
resistivities to be under 300 µΩ cm. As result, we present the fit (Fig. 11), parameters
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Table 2: Obtained parameters for constrained Pt-CoNi-Pt model
ρ0 (µΩ cm) λ (nm) Error (mS
2) 4.02
TaUL 300.0 10.0 RMS (mS) 0.35
PtUL 29.0 8.2 T 1.00
Co 50.0 10.0 TTaPtUL 0.00
Ni 14.6 10.0 TCoPtUL 0.66
Ptcap 17.6 10.0 TCoPtcap 0.00
Tacap 300.0 10.0 TTaPtcap 0.00
(Tab. 2) and the current distribution (Fig. 12) for the comparison with the previous
case.
Figure 11: All the dependences obtained by constrained Pt-CoNi-Pt model.
The error increases approximately by a factor of 3, but the parameters now have
slightly more reasonable values, though they mostly reach the upper constraint.
Comparing the dependences (Fig. 9 with Fig. 11), one can see just small changes in
the bottom Pt dependence (for small thicknesses) and the Co/Ni stacking number
dependence. From this fact we can already conclude, that there is probably some
mixing between Co and Ni as mentioned above, which forms a new single layer
(also in the current profile (Fig. 12) we can see that now they do not act as a single
layer). Again there is more current flowing through the bottom Pt (compared to top
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Figure 12: Current profile for constrained Pt-CoNi-Pt model
Pt), now caused by high transmission coefficient between bottom Pt and Co. This
inversed current seems to be a general feature of this fitting. Even if we force the
transmission coefficients to be symmetrical (i.e. TCoPtUL = TCoPtcap), both will end
up being equal to zero, but the mean free path of the bottom Pt will be lowered,
resulting again in more current in the bottom Pt.
To avoid the inversed current distribution, we must admit a thickness depen-
dence of parameters for bottom Pt.
6.2 CoNi-Pt model
In this model, we fit only Co/Ni and Ptcap dependences. Excluding the PtUL thick-
ness dependence from the fitting enables to further decrease the number of param-
eters and still being able to obtain good result. Moreover, we introduce the bulk
constraint for Pt layers. From the Drude model the conductivity and the mean free
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path for a bulk material are:
σ0 =
ne2τ
m
(6.1)
λ = vF τ (6.2)
Then:
ρ0λ =
λ
σ0
=
mvF
ne2
(6.3)
which does not contain the relaxation time τ . In [35] the bulk conductivity and
mean free path were obtained for several Pt samples. Depending on the quality
of the layer, the product ρ0λ lies between 200 and 400 µΩ·cm·nm. So we will keep
the product for the top Pt on the lowest value (200), since we think it should be a
high quality layer. On the other hand, for the bottom Pt we will add a new fitting
constraint, namely the product will be limited to 400 as an upper boundary. The
mean free path for top Pt is forced to be less than 10 nm (that is the only boundary
that is reached during the optimization). The results are shown in Fig. 13, Tab. 3 and
Fig. 14. Note that the error is now incomparable with the ones in previous section,
as we have removed PtUL thickness dependence, but the RMS has approximately
the same value as in the unconstrained case.
Figure 13: Sheet conductances as functions of CoNi stack number and Ptcap thick-
ness obtained by CoNi-Pt model.
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Table 3: Obtained parameters for CoNi-Pt model
ρ0 (µΩ cm) λ (nm) Error (mS
2) 1.27
TaUL 199.6 4.5 RMS (mS) 0.24
PtUL 141.3 2.6 T 0.95
Co 11.1 52.7 TTaPtUL 0.07
Ni 8.1 23.2 TCoPtUL 0.00
Ptcap 20.0 10.0 TCoPtcap 0.02
Tacap 157.3 2.3 TTaPtcap 1.00
Figure 14: Current profile for CoNi-Pt model.
For both dependences, we obtained almost perfect fit. For Co/Ni layers we get
again large mean free paths, but as can be seen in Fig. 14 (current profile), they tend
to act as a single layer. The only boundary to be reached is the mean free path of
top Pt, which we do not fully understand. Another slightly disturbing fact is the
high transmission between top Pt and Ta that indicates a perfect interface between
the two, which is highly improbable. However, if we let free the bulk constraint
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for top Pt (the product was fixed at 200 in the fitting), then the product decreases to
approximately 180 (indicating a high quality Pt layer), and the transmission between
top Pt and Ta vanishes. For this case, we present only the current profile (Fig. 15),
the total error does not change. In these cases, there is more current flowing through
the top Pt compared to the bottom one, which is pleasing as the top Pt is supposed to
be the better one. But to get such a result, we had to admit a thickness dependence
of the bulk coefficients of the bottom Pt, which is not describable by our model, thus
to exclude its dependence from the fitting.
Figure 15: Current profile for CoNi-Pt model with lowered ρ0λ product for Ptcap
layer.
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6.3 CoNi-Pt-Ta model
Now we fit Co/Ni, Ptcap and Tacap dependences.At the beginning we excluded
the Ta thickness dependences from our fitting, because their measured values do
not indicate a typical Fuchs-Sondheimer behaviour. We will now try to include
the top Ta dependence. Several parameters reach their upper boundaries during
optimization, namely both Ta mean free paths are limited to 5 nm and top Pt mean
free path to 10 nm. The results are shown in Fig. 16, Tab. 4 and Fig. 17.
Figure 16: All the dependences (on CoNi stack number, Ptcap and Tacap thick-
nesses) obtained by CoNi-Pt-Ta model
Table 4: Obtained parameters for CoNi-Pt-Ta model
ρ0 (µΩ cm) λ (nm) Error (mS
2) 6.04
TaUL 298.0 5.0 RMS (mS) 0.47
PtUL 188.9 2.1 T 0.96
Co 8.0 46.0 TTaPtUL 0.00
Ni 8.6 33.1 TCoPtUL 0.00
Ptcap 21.9 10.0 TCoPtcap 0.39
Tacap 62.7 5.0 TTaPtcap 0.00
The theoretical curve for top Ta thickness dependence differs distinctly from the
measured values and is the source of the error. This indicates the thickness depen-
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Figure 17: Current profile for CoNi-Pt-Ta model
dence of the bulk parameters also for top Ta, which is supposed to be the better
one. The higher slope of the theoretical curve (originated by measured strong de-
pendence of the total conductance of the sample on top Ta thickness and the effort
to fit that with a constant parameters) also gives rise to a lot more current flowing
through the layer.
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7 Conclusions
Using the Fuchs-Sondheimer model, we were fitting experimental results of multi-
layer sample Ta/Pt/[Co/Ni]/Pt/Ta. In each series of the experiment, the thickness
of only one layer was changing and the sheet resistances of the multilayer were
measured. Therefore, five series of samples were fabricated and their sheet resis-
tance was measured. Our initial goal was to fit all the experimental data with a
single set of parameters (thickness independent). However, this was not reached,
as the thickness dependence of certain parameters became unavoidable. For those
materials (bottom and top Ta, bottom Pt) some structural change occurs as thickness
increases. On the other hand, even from the reduced sets of measured results, we
can present some conclusions.
All the presented current profiles indicate that Co/Ni multilayer acts as a single
layer, therefore there is probably a lot of mixing between the two materials. In order
to preserve the expected current distribution (more current flows through the top Pt
than through the bottom Pt), we had to admit the thickness dependent bulk param-
eters also for bottom Pt. The following fitting resulted to a high quality top Pt layer
(with a low ρ0λ product).
The problem of the Fuchs-Sondheimer theory is a large number of parameters,
which are also strongly correlated (due to the transmission coefficients). Thus the
function to be optimized does not have a single sharp minimum, but varies slowly
with the variation of particular parameters. Changing initial values is not a problem,
the fit indeed ends up in the same point, but changing particular parameters by non-
small amount can result in a negligible change in the overall error (much smaller
change that is the precision of the experiment), making it very difficult to determine
the parameters precisely. It is pleasing though that the current profile also seems
to change negligibly, making it a conceivable way of presenting the results (rather
than the actual parameters). However, we can not claim that it is a general feature
or if it happens only in certain cases. We do also keep in mind that before we had
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started our analysis, we corrected all the results by a small amount. To increase
the precision of the parameters, additional information of the sample is needed (in
order to fix some parameters).
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8 Appendix A: y parameter and measurement results
In this section we present the whole set of measured values for all the samples. Each
sample was measured five times and their average was computed. The nominal
sample (sub/Ta(3)/Pt(1.6)/[Co(0.3)/Ni(0.6)]4.5/Pt(1.6)/Ta(3)) was fabricated five
times and its values are marked in the following table. All the measured values
have been corrected so that all the nominal samples have the same value of sheet
resistance.
In sec. 4 the parameter yAB =
mAτB
mBτA
is introduced and we use in our calculations
yAB = σ0B/σ0A. Plugging for the conductivities from Eq. 4.14 for two materials A
and B, we get:
yAB =
σ0B
σ0A
=
nB
nA
mAτB
mBτA
(8.1)
Therefore, we are assuming that all the materials have equal electron density.
We could make a different choice for yAB, using the mean free paths instead,
yAB = λB/λA. Plugging for the mean free paths from Eq. 6.2 results in:
yAB =
λB
λA
=
vFBτB
vFAτA
(8.2)
So in this case, wewould assume equal Fermi velocities and effective electronmasses
for all materials. However, redefining the y parameter in our calculations, so that it
obeys Eq. 8.2, leads to a negligible change in the results.
Table of measured results: 
 
    measurement results (Ohm/square)   
  nm 1st 2nd 3rd 4th 5th average 
corrected 
values 
Co
\N
i s
ta
ck
in
g 
nu
m
be
r 
6.5 39 39.15 39.18 39.24 39.52 39.218 41.2 
6 40.73 40.77 40.84 40.74 40.84 40.784 42.8 
5.5 46.42 46.54 46.66 46.55 46.54 46.542 48.9 
5 49.41 49.33 49.4 49.31 49.32 49.354 51.8 
4.5 58.03 58.09 58.06 58.17 58.88 58.246 61.2 
4 61.42 61.28 61.23 60.93 61.09 61.19 64.3 
3.5 73.39 73.6 73.29 73.59 73.68 73.51 77.2 
3 78.36 78.47 78.3 78.4 78.23 78.352 82.3 
2.5 95.66 95.48 96.12 95.33 96.05 95.728 100.5 
2 104.71 103.97 104.38 103.89 104.22 104.234 109.5 
1.5 126.4 126.55 126.05 126.45 125.75 126.24 132.6 
1 132.28 132.1 131.97 132.11 132.11 132.114 138.8 
Pt
 c
ap
 th
ick
ne
ss
 
0.4 73.81 73.45 73.49 73.51 73.12 73.476 75.4 
0.8 66.02 66.27 66 66 66.22 66.102 67.8 
1.2 61.8 61.7 61.52 61.57 61.55 61.628 63.2 
1.6 59.63 59.42 59.7 59.72 59.59 59.612 61.2 
2 56.92 56.96 57.06 56.96 56.89 56.958 58.5 
2.4 53.47 53.34 53.27 53.4 53.25 53.346 54.7 
2.8 49.45 49.41 49.2 49.37 49.38 49.362 50.7 
3.2 45.22 45.17 45.28 45.13 45.22 45.204 46.4 
3.6 42.4 42.21 42.49 42.32 42.33 42.35 43.5 
4 39.58 39.43 39.45 39.61 39.44 39.502 40.5 
Ta
 c
ap
 th
ick
. 1 65.82 65.68 65.72 65.78 65.72 65.744 63.5 
2 65.76 65.5 65.36 65.44 65.61 65.534 63.3 
3 63.19 63.28 63.35 63.45 63.29 63.312 61.2 
4 55.94 55.42 55.6 55.68 55.66 55.66 53.8 
5 50 49.91 50.19 50.32 50.06 50.096 48.4 
Pt
 U
L 
th
ick
ne
ss
 
0.4 78.44 78.37 78.1 78.42 78.04 78.274 79.2 
0.8 72.5 72.85 72.82 73 72.92 72.818 73.7 
1.2 67.5 67.66 67.65 67.34 67.48 67.526 68.4 
1.6 60.44 60.43 60.53 60.35 60.41 60.432 61.2 
2 56.32 56.35 56.49 56.51 56.61 56.456 57.1 
2.4 53.19 53.43 53.52 53.37 53.27 53.356 54 
2.8 50.36 50.33 50.39 50.63 50.41 50.424 51 
3.2 48.1 48.17 47.85 48.05 48.01 48.036 48.6 
3.6 45.23 45.24 45.25 45.42 45.2 45.268 45.8 
4 42.76 42.84 42.94 42.72 42.82 42.816 43.3 
Ta
 U
L 
th
ick
. 1 74.86 74.81 74.88 74.71 74.15 74.682 71.1 
2 70.29 70.3 70.13 70.04 69.94 70.14 66.8 
3 64.08 64 63.79 64.13 65.34 64.268 61.2 
4 60.04 60 59.83 59.95 59.62 59.888 57 
5 55.4 55.48 55.31 55.39 57.1 55.736 53.1 
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We plug in for g±, yAB =
mAτB
mBτA
to get the final matrix equation:
M =


1 −pA 0 0
−R exp
(
− a
λA cosβ
)
exp
(
a
λA cosβ
)
0 −TyAB exp
(
a
λB cosβ
)
−T exp
(
− a
λA cosβ
)
0 yAB exp
(
− a
λB cosβ
)
−RyAB exp
(
a
λB cosβ
)
0 0 −pB exp
(
− b
λB cosβ
)
exp
(
b
λB cosβ
)


M


FA+
FA−
FB+
FB−


=


pA − 1
R + TyAB − 1
yABR + T − yAB
pB − 1


Extension for an arbitrary number of layers is straightforward. For example, in the
case of three conducting layers, the size of the matrixMwill be 6×6.
The integration in Eqs. 4.17, 4.18 (to compute the total conductivity of the multi-
layer and the current distribution) is performed over β, therefore in every integra-
tion step, we solve this matrix equation to obtain F±. For small systems (consisting
of only a few layers), it is easier to solve the matrix equation analytically to obtain
explicit expressions for F±(β). This speeds up the whole procedure, because we do
not have to solve the matrix equation in every integration step. However, for large
systems (even for only 5 layers), the expressions become too complicated, that it is
no longer advantageous.
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10 Appendix C: the correction of measured values
The experiment involvedmeasurements of five series of samples, in each series only
the thickness of one layer was changing (or the Co/Ni stack number). Thus the
nominal sample (Fig. 5) was made five times. Each sample was measured five times
and their average was computed. It is expectable that all the five nominal samples
should have the same value of resistance, but small deviations occur. This can be
caused by the fact that all the nominal samples were prepared in different times and
in slightly different conditions, thus they slightly differ from each other.
For the fitting procedure to be easier, we decided to correct all the measurement
results, so that all values of the nominal sample are the same. We simply took the
average of all five resistances of the nominal sample and then multiply each series
by a factor such that the resistance value of the nominal sample ends up being the
computed average. The corrected values we used for the fitting. It is now natural to
ask, how it influences the results of the fitting.
In each fitting, we were minimizing the sum of the squares of differences of
computed and measured values (called error) or equivalently the root mean square
(RMS). Had not we corrected the values, it is expectable that we would obtain very
similar results, if we were fitting all the series at once. If we now consider only the
values of the nominal samples, then byminimizing the error, we would end upwith
a resistance value very close to the average. So performing the fit with original and
corrected values, we would get almost the same result (as long as we fit all the series
at once), only the error would be higher for the original values.
Some changes would occur, if we were fitting only some of the series. Then the
fit based on the original values would be close to the fit based on the corrected ones
only if we were considering the average of only the values of the series involved.
If we look closely on the measured results, we can see that the values of the nom-
inal samples substantially differ in the series involving the Ta thickness changing
(though there is no reason for that to be so). In sec. 6.1 we excluded the Ta series
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from the fitting so there would be some change in the result if we used the original
values compared to the corrected ones. However, as we found no reason for that
(for the change in Ta series), it seems to be caused by the limitation in the accuracy
of the experiment and we would not get any new information by doing it this way.
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